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Abstract 

The optical properties of a smaU magnetic cluster are studied in a magnetic version of Frank- 
Condon principle. This simple model is considered to show new basic physics and could be adopted 
to treat real problems. The energies and wavefunctions of the cluster are calculated for different 
spin configurations to evaluate the energies and the strengths of the allowed transitions from the 
relaxed excited states. The optical de-excitation energies for the likely scenarios are obtained in 
terms of the exchange parameters of the model. 
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I. INTRODUCTION 



In small molecules, excited electronic states may have altered atomic coordinations, 
which leads to Frank-Condon multi-phonon sidebands in electronic spectra^. In solids, elec- 
tronic excited states are often delocalised, ehminating such effects^. However, if excited 
states are self-localisecl^ then Frank-Condon effects should reappear in the form of shift- 
ing and Gaussian broadening of the pure electronic transition^. The electronically excited 
cluster may relax to its vibrational ground state after excitation so that the fluorescence 
energy is lower than the energy required for absorption. This is sketched in figure ^ In this 
paper we explore the possibility of a spin Frank-Condon effect and describe what would be 
observed in this case. 

We consider a spin cluster such that after excitation the lowest energy spin configura- 
tion differs from that in the ground state and so a spin relaxation may occur. We calculate 
the energies and wavefunctions of the cluster for different spin configurations. This is used 
to evaluate the energies and the strengths of the allowed transitions from the ground state 
and from the relaxed excited states. 

In the manganites it is known that the exchange interaction is antiferromagnetic be- 
tween two Mn^+ ions but becomes ferromagnetic^ if one of the atoms is ionised to Mn'^+. 
This gives the possibility for the exchange to depend on the state of excitation of the Mn 
ions. Another way in which a scenario similar to the one that we describe can occur is if 
the spin that we consider is actually a pseudo-spin'' corresponding to the orbital order in 
manganites^. In this case ionising the Mn3+ ion will eliminate the orbital order on that site 
and could also lead to a realignment of the orbital moments on the neighbouring ions^. In 
this paper we consider a toy model that shows this basic physics and can be adapted to 
treat the real problems mentioned above. 

We summarise the procedure for calculating Frank-Condon spectra and then describe 
how the spin calculation proceeds along the same path. First we calculate the vibrational 
energies and wavefunction of the cluster in the electronic ground state and then repeat the 
calculation for the excited cluster. This enable us to see when the excited state is off-set 
relative to the ground state as shown in figure ^ In this case the excited cluster may make 
radiationless transitions to the vibrational ground state of the electrically excited cluster. 
The Frank-Condon principle states that the transition is a vertical line as shown in the figure. 
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FIG. 1: Energy diagram of an electronic transition with phonon coupling along the configurational 
coordinate rj, a normal mode of the lattice. The upwards arrows represent absorption without 
phonons. The downwards arrows represent the symmetric process in emission. 

More accurately, the intensity of an electronic transition that is accompanied by changes in 
the vibrational states is proportional to the square of overlap of the two vibrational wave 
functions. 

In the spin case we use a model Hamiltonian to calculate the energies and wavefunctions 
of the spin cluster in the (electronic) ground state and when an electron is excited. We 
assume that the excited electron is delocalised so that the magnetic cluster is left with a 
vacancy. This enables us to identify the parameter ranges for which reorientation may occur 
in the excited state. The electronic transition will occur without spin flip of the neighbouring 
ions which is the spin analog to the Frank-Condon approximation. The intensity of each 
transition is then found from the overlap of the two spin states. 

In Section II we define the spin cluster model and calculate the energies and the 
eigenstates for the electronic ground state and when an electron is excited. The excitation 
spectra are calculated in section III and the paper concludes in Section IV. 
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FIG. 2: (a) The ground state of ferromagnetic spin cluster with total spin St = 5/2, (b) the cluster 
in a state with total spin St = '2 just after the central spin is removed by optical excitation. 

II. METHODOLOGY 



A. The effective Hamiltonian 

We consider a cluster of five spins as shown in figure |2t'- In the ground state it has 
the highest spin total St = 5/2. We assume that after optical excitation an electron for the 
central site has been excited and has left the cluster as shown in figure 2b which is a state 
of {St = 2). It will be seen that this toy model is very rich and allows us to explore this 
effect in detail. 

The cluster de-excites when a band electron makes a transition back on to the central 
site. We shall consider both possibilities namely that the spin of the electron that rejoins 
the cluster is parallel or antiparallel to the spin of the whole cluster. 

We assume that there is a Heisenberg ferromagnetic interaction, J', between the central 
spin and the four neighbours and an antiferromagnetic Heisenberg interaction, J, between 
the neighbours and that each of the four neighbours experiences a mean field interaction, 
Hmf, with the rest of the lattice. 

The effective Hamiltonian describing the low-energy electronic spin states is given by, 

n = Ho + H, + H,, (1) 
where Ho represents the crystal mean field interaction. Then, 

Ho = —Hmf{S^ + S2 + S^ + S^), (2) 
4 



Hi 



-j'So.(Sl + S2 + S3 + S4) 



(3) 



and 



H2 — J(Si.S2 + 82-83 + 83.84 + 84. Si). 



(4) 



Where 80 is the spin operator of the spin in the centre of the cluster and 81, 82, 83 and 84 
are the spin operators of the nearest neighbours of the central spin. 

After the central spin, So, is removed from the cluster as shown in figure Eb the term 
Hi does not contribute. The effective Hamiltonian representing the excited cluster under 
the crystal mean field can be given as follows, 



Ti. — —Hmf{Si + 5*2 + 5*3 + 5*4) + J{SiS2 + >S'2S'3 + S^S^ + S^Si^ 
+iJ/2)iStS2 + S^S^ + 5+53- + ^2-^3+ 



(5) 



where S^, S2, S^, and are the spin-up and the spin-down operators. The parameters are 
chosen so that the ground state of the five-spin cluster is ferromagnetic. The energy of the 



state with total spin St = 5/2 is £'5/2 
of the states St 



4:Hmf — 4:J' + 4 J. The energies and eigenstates 

□ 




FIG. 3: (a) A diagram shows the eigen energy E/Hmf versus the AFM exchange energy J/H^af- 
E2 is ground state at < J/Hmf < 0.33 range, Eq is the ground state at the range 0.33 < J/Hmf < 
0.72 and finahy E^ is the ground state above this range 0.72 < J/Hmf- 
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Similarly calculations are done for the four-spin cluster. Immediately after excitation 
it will be in the state St = 2, as shown in figurelHh- The energies of the four-spin cluster are 
shown in figure 01 as a function of J / H^f- There is one state of St = 2, four states of 5"^ = 1 
(two are degenerate) and six states of 5*^ = (three are degenerate). Since the cluster relaxes 
to the lowest state we are most interested in the energy and configuration of the lowest state. 
It is seen that the spin of the ground state of this four-spin cluster chang function 
of J/Hmf- For small values of J such that < J/Hmf < 0.33 the spin of the ground state 
remains as St = 2 and then there is an intermediate region 0.33 < J/Hmf < 0.72 where the 
ground state has St = 1 (state El) and finally for large values of J/Hmf it becomes S'r = 
(state El). 

TABLE I: The eigen energies of the states with total spin St = 3/2, St = 1/2 and St = —1/2. 
St Eigen energy 

S'r = 3/2 £^3^2 = \{—^Hmf + J' 

-V16J2 + 2AJJ' + 2JJ'2) 

-^3/2 = - 4J') 

^3/2 = l(-3-H'm/ + 2J - J') 

5t = 1/2 £j/2'^ = 
^V2 = 

Elf^ = \{-2Hmf + 2 J' - V2^2Hl^ - AHmfJ' + 3J'^ 

^1/2 = I (-2^™/ + 2 J' + V2^2Hl^ - AHmfJ' + 3J'3) 

^?/2° = \{-2Hmf - 3J + 2 J' - ^JahIj - 20HmfJ' + 25 - 8HmfJ' + 20 J J' + 6J'^ ) 

St = -1/2 Elf^^ = 

Et,2 = 

E\^^ = \{2Hmf + 2 J' - V2^2Hlj + 4HmfJ' + 3J'^ 
Elf^ = \{2Hmf + 2 J' + V2^2Hl^ + 4HmfJ' + 3J'3) 

^1/2° = - 3J + 2 J' - ^AHl^^ + 20HmfJ' + 25J2 + 8HmfJ' + 20JJ' + 6J'^) 

We have three different scenarios, I, II and III corresponding to the de-excitation from 
a cluster of total spin 5^ = 2, 1 and respectively. As a band electron combines with the 
four spin cluster it will produce a state that is the direct product of the state for the four 
spin cluster and the spin of the band electron. It is this state whose overlap with the ground 
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state wavefunctions must be evaluated in order to obtain the strength of the transition. 

In scenario I where < J/Hmf < 0.33 the four-spin cluster remains in the state St = 2. 
The cluster can de-excite by absorbing an electron of either spin; in the first case it will go 
back to the ground state of the five spin cluster with St = 5/2, and in the second to an 
excited state of the ground cluster with St = 3/2. This is shown in figure E^. 

In scenario II which is valid for 0.33 < J/Hmf < 0.72 the four spin cluster first relaxes 
to the lowest 5^ = 1 state, El, before combining with a band electron of either spin to 
de-excite to a state with 5"^ = 3/2 or = 1/2. This is shown in figure |3)d. Finally in the 
case where J/Hmf > 0.72 the four spin cluster first relaxes to the lowest St = state, Eq, 
before combining with a band electron of either spin to de-excite to a state with St = 1/2 
or St = —1/2. This is shown in figure Et- 

In the following section we calculate the energies and probabilities corresponding to 
each of these processes. We note that for the four spin cluster we only need to calculate the 
wavefunctions for the lowest eigenstate for each value of the total spin. We also need the 
energies of the five spin cluster for those states that will be reached by de-excitation from 
the four spin cluster. 

III. RESULTS AND DISCUSSION 
A. Spin de-excitation 

Scenario 1(a): There are two possibilities for this scenario. First of all, if the band 
electron combines with the cluster as spin-up, as seen in figure|2t, the cluster loses its energy 
as luminescence and de-excites directly from the energy level-B, E2 = —AHmj + 4 J, with 
5"^ = 2 to the energy level- A with St = 5/2 as shown in figure |^. Namely, the cluster 
does not experience any relaxation by losing phonons in this case before or after it optically 
de-excites which is represented in figure |3Ji by dashed downarrow-a. The eigen energy for 
these energy levels and their wavefunction are listed in table IH] 

(b): The cluster, in this scenario, starts with the same level S't = 2 but the band 
electron combines with the cluster as spin-down to its central site. The cluster de-excites 
optically not to the ground state but to an excited state at the energy level-G with St = 3/2. 
This energy level has five states as shown in table ID We calculate the overlap of states. 
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ipi^i = 1,...,5), of the five-spin cluster with total spin St = 3/2 with the state formed by 
the direct product of |02) and an electron of spin down on the central state, | | ^2) and the 
overlap probability, Pi = (V^i| i 02)- 

TABLE II: The eigen energies of the states with St = 2, = 1 and St = and the wavefunctions 
for the lowest energy state. 



St 


Eigen energy 


Wave function 


St = 2 


E2 = -^Hmf + 4J 


^2 = 1 TTTT) 


St = 1 


E\ = —Hmf — J 


^i = i[| TTTD + I TTiD + l TTiD + UTTT)] 



E1 — —Hmf + J 
Ef = Ef = —Hmf 



st = o Ei = -2Aj ^i = _i.[|||||) + mii) + |||||) + mii) + imi) + mii)] 

El = -J/2 

Ei = El = El = 

El = 0.85 J 



It is found that the cluster de-excites from the energy level-B to the state with energy 
El^l2 = with unit probability. The probability of de-excitation of the rest of the states 
in the spin cluster corresponding to the total spin St = 3/2 are zero. 

Scenario II: The cluster experiences relaxation by losing thermal energy before it 
de-excites optically. Namely, before the band electron combines with the cluster, the cluster 
relaxes thermally from the energy level-B with S't = 2 to the energy level-C with S'y = 1, as 
shown in figure Eb. The new energy level has four states which their eigen energy are listed 
in table ini We assume that the cluster relaxes to its lowest energy state El. 

(a) In this scenario the band electron combines with the cluster as spin-up. The cluster 
de-excites optically with the starting state, | T "^i) which is direct product of the multiplet 
of energy level- G with St = 3/2, see figure 

TableUshows the values of the eigen energy of level-G with St = ^/^ with the starting 
state, I T V'l)- It is found that the cluster de-excites from the energy level-B to the degenerate 
level with energy £^3/2 = -E3/2 = -^3/2 with unit probability. Naturally we fined there is zero 
probability for de-excitation into any other of five states of five spin cluster with total spin 
5*^ = 3/2. Finally, the cluster relaxes thermally from the energy level-G with 5*^ = 3/2 to 
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the ground state energy level- A with St — 5/2 



(1) St = 2 



B 



(1) St = 5/2 



G ^ ^ St = 3/2 (5) 



(a) 



(1) St=2 ^ 



(1) S._ 



T = 5/2 



B 



St = 1 (4) 



Ft St = 1/2 (10) 



St =3/2 (5) 



(b) 



(1) 



c — 



B 



D 



J i 



(1) St = 5/2 



G 



I 



St = 1 (4) 
St = (6) 



_ St = -1/2 (10) 

- St = 1/2 (10) 
^ St = 3/2 (5) 



(C) 



FIG. 4: (a) A diagram describes the relaxation of the cluster according to scenario I, (b) scenario 
II, (c) scenario III. The number of the levels multiplicity are in brackets. 

(b) In this case the cluster absorbs a down spin electron. The cluster de-excites op- 
tically from the energy level-C with the starting state, | I ipl), to an energy level-F higher 
than the energy level-G. This new level (level-F) has total spin St — 1/2 and has ten states. 

The eigen energies of these ten states of the energy level-F with total spin St — 1/2 
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have been calculated and shown in table H] These states from state to Ey^O have 
zero overlapping probability with the starting state while the states Ey^^ ^1/2 ^^'-^ -^1/2 
are overlapping with the starting state by unit probability. Namely, the cluster de-excites 
optically from the energy level-C to any state of the states from Ey^ to Ey^ of the energy 
level-F, this is represented by the dashed downarrow-b in figure |3Jd. The cluster relaxes 
thermally to the ground state energy level-A with St = 5/2 through the energy level-G with 
St = 3/2. 

Scenario III: (a) After the cluster relaxes from the energy level-B, by losing thermal 
energy, to level-C with St = ^ it relaxes again to an energy level called D with St = 0. 
The energy level-D has six states according to the effective Hamiltonian. Table [H] shows 
the eigen energy for these states. If the band electron combines with the cluster as spin-up, 
the cluster de-excites optically from this new energy level-D with = with the starting 
state, I t iPq) to the energy level-F with St = 1/2 . 

The energy level-F has ten states. We have calculated the eigen energies of these ten 
states with the starting state, | t ip^) and shown the results in table H] Our calculations are 
showing that the states from Ey2 to Ey^^ have zero overlapping with the starting state. The 
states -^1/2 ^"^^ ^1/2 hs-ve the maximum probability of overlapping with the starting 
state. Namely, the cluster de-excites optically from the energy level-D with S't = to the 
states from 1 to 3 of the energy level-F with 5*^ = 1/2, see the dashed downarrow-a in figure 
Ht. Finally the cluster relaxes thermally from the energy level-G to the ground state energy 
level-A with St = 5/2 through the energy level-G. 

(b): Now, if the band electron combines with the cluster back as spin-down the cluster 
relaxes optically from the energy level-D with S'r = to a new energy level called E with 
St = —1/2 with new starting state, | | tp^), as seen in figure Et. It is obtained from our 
calculations that when the band electron combines with the cluster as spin down during the 
cluster in the energy level-D with St = the cluster de-excites optically with the starting 
state, I I iPq), to the states from E^^^^ to E^^^^ of the ten states of the energy level-E with 
St = —1/2 where the probability of overlapping of these states with the starting state is the 
optimum. This is represented by a dashed downarrow-b in figure |3J3. The states from E^^^ 
to Ey2 have zero probability to overlap with the starting state. Finally the cluster relaxes 
thermally from level-E through levels-F and G to get the ground state energy level-A with 
St = 0, as seen in figure Et. 
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B. The luminescence energy calculation 



We calculate the luminescence energy for each scenario as follows. 
Scenario I: (a) If the cluster de-excites from energy level-B directly to the ground state energy 
level-A when the band electron combines with the cluster as spin-up. The luminescence 
energy Ei for this case is 

El — Eg — E2 — £'5/2 

= i-AH^f + 4J) - i-AHmf - 4 J' + 4J) = 4 J'. (6) 

(b) But if the band electron combines with the cluster as spin-down the cluster de-excites 
first optically from level-B to the states of energy level-G overlapping with | | V2) then it 
relaxes losing phonons to energy level-A where this relaxation, here, has energy difference 
Ai = £"3^2 — Then the optical energy in this case is. 

El ^ Eo- Ai 

= -^Hmf + SJ+ ^ J' + ^Vl6J2 + 24JJ' + 2JJ'. (7) 
2 4 4 

Scenario-II: The cluster relaxes losing phonons to the level-C with St = 1- The energy 
difference, here, is Si = E2 — El = bH^f — 5.5 J, where El is the lowest eigenstate in Icvel- 
C to which the cluster relaxes from level-B. The cluster de-excites after that optically to 
level-G if the band electron combines with the cluster as spin-up and to level-F if the band 
electron combines with the cluster as spin-down. As we know the energy difference between 
level-A and level-C is 5i and between the level-F and level-A is A2 = -£^/2'^ — Then, 
in the first case. 

El ^ E„-5i- Ai 

29 51 17 1 

= -—Hmf + —J+ -rJ' + -Vl6J2 + 24JJ' + 2JJ', (8) 
2 5 4 4 

but in the second case, 

Ei^E,-Si- A2. (9) 

Scenario-Ill: In this scenario the cluster relaxes again to level-C, then, to level-D losing 
phonons. The energy difference now between level-B and level-D is S2 — E2 — Eq — 6.4 J — 
4:Hjnf where Eq is the lowest eigenstate in level-C to which the cluster relaxes. The cluster 
de-excites optically from this level to level-F if the band electron combines with the cluster 
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as spin-up and to the level-E if the band electron combines with the cluster as spin-down. 
The cluster relaxes again losing phonons till it gets the ground state energy level-A. Where 
the energy difference between level-F and level-A is A2 and the energy difference between 
level-E and level-A is A3 = ~ -^5/2- Then the optical energy for the scenario-3 is for 

the first case 

Ei = Eo-S2- A2, (10) 

and for the second case, 

Ei = Eo-62- A3. (11) 

Because Ai, A2 and A3 are too complicated it is not possible to put them here as function 
of the exchange parameters. 

IV. CONCLUSION 

A new physical effect, namely a spin Frank-Condon Effect, has been proposed. A 
simple model of a spin cluster has been defined that shows rich physics. The energy states 
of this small spin cluster problem have been investigated and the optical excitation and 
fluorescence calculated. It was found that in this case the selection rules imposed a very 
strict limitation on the number of states that could be observed. The physical reason that 
this occurs is that the lowest energy state for a given spin of the four-spin cluster is always 
even with respect to permutations of the four sites. Only one state of the five-spin cluster 
respects this symmetry so only one transition is allowed. 

In all cases we found that the cluster decayed to a unique state in ground state even 
when, as for a ground state of total spin St = 1/2, there are as many as four energies and 
ten states corresponding to St = ±1/2. 

Real physical situations will be more complicated. A big simplification here was that 
the ground state was ferromagnetically aligned and hence its wavefunction was known and 
it was non-degenerate. More realistic models would be antiferromagnetic. Also this was a 
model built from S" = 1/2 spins which is again a simplification. An extension to the study 
of the Cg orbitals of Mn^+ LaMnOs could be done to extend the work of Allen et af . It 
would involve states that were rotated^^ by 27r/3 and would again be complex 
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